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Chapter3

Aloan takes place between two agents.

) Notations

Loans

A = borrower
B = lender

C = capital: the amount borrowed by Aatt =0
dometimes C will be denoted C: or V. for value at time D

m = maturity of the loan(usually in years) :

time delay between time O(beginning of the loan ind the last payment made by A

r = nominal annual rate of the loan

amount of interests paid by A during year k

(usually Il@ is paid at the end of year k)

Ee = le + Ae : annuity paid by A

A@ = part of capital refunded during year k(amortization )

Ce or Ve = capital due at the end of year k
(Vo = Verc — 4e)
At the end of year n, we must have V1 = 0, but
V't = Vire— Ax = ViFy — Axrc — A1 = -
SoC =4+ A3+ -+ Ax

:C—AG—...

If we assume that the period of compoundingis 1 year thenrisalso the effectiveannual rate. Then

Thetotalcostof theloaniscost =

1) Repayment methods

1) Repayment of capital “in fine”

le = rVaFc
T

(With c=V. )

We assume that payments of annuities occur at the end of each year: times 1, 2, ... , n
=0 fork = ,n—1
This means that{ Ar=C=V.
ThenVe=V. =C fork =0,1,..,n—1and Vr = 0 (as always)
=lr=rC=rV:
We can summarize this in an amortization table:
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k Ve le A@ ( Ee)

0 V. 0 0 0
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k TV: TV:

n — 1 7AV: TV:
n rV- 1+rV.
cost = nrV. 1+nrV.
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This meansthat A: = 0,4¢ = A3 = -~

SO V:: nd
SoVe=Verc— A

SoVe=V:—k+AE 17OV

Solg=rVers =1 W: — kA )=r Q

— 0EGy.

:Q/
I

V/p is an arithmetic sequence
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k Ve le Ae@ Ee
0 V. 0 0 0
1 (1 __J) 14 rv. V. 1+nr
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‘ n nil & n
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TOTAL cost = TV V. V. + cost
5
At time 0, an initial capital is borrowed, its amount is denoted K or V.
Period Interest Amortization Annuity Outstanding loan
capital
1 Ic Ac ac Vs
k le A@ a@ Ve
n Ix Ax ar 0

2) Method of constant annuity

Weborrowanamountofcapital K = V.attime0, atanannualrater > 0 (onecanevenallowr > —1).
Repayment will take place at the end of each year, and annuity will be constant: as = a3 = - = a1 = a.

Question: find the value of a, using the method of present values.

Suppose we borrow V. = K and that annuities are ag, ..., at.
ar = It + Az,

At the end of period n, It = r + V1Fs

At = Virc SO

So
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ar =r+Vire+ Vires = (1 + r)V1Fs

(1+n)Fe
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Similarly, at the end of period k + (, k <n > 1 Idhel (\grik A NG
I
leamc = V@
aemc = Ve + Ve — Vemc =(1 + ¥ Ve — Vemc
Ve = (1+nrfe < A@méG + Vame )
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= (1 + 7’) FGa@mG + (1 - T)FGV@mG
=(1+0n FComs + 1+ r)FG((l + 7 fGa@mJ + 1+ fGV@mJ )
= (1 +r fGa@mG + q. +r fJa@mJ + (1 + T)FJV@mJ
= q. +r fGa@mG + l +r Sja@m_j + -+ (1 +r )FIm@mGaIFG + (1 + T)IF@mGVIFG

Vo =@ +D agme + (1 +1N agny + -+ L+ ) EFFO aype + (1 +1)FIFO 4y
(o] —— ——
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In particular: .
K=V:=(1+nag+(1+rFay++(1+7 Lag =z (1 +r)ar
fLG

Applicationtoconstantannuity:

ac=aj=-=ar=a
So e
0 — =
I IFG - 1 1 -
(T am T () o e )
fLG 14+rdy .1+ 1+r 1 1
- 1+r
1—(1+7)
- " yK
=q =
1 -1 +nFl
Now, fork € 1; n], le = rVar1,a = la + Ae
So Ap = a — rVere
IF IF 1 —(1+ )F(IFO
Va = @ 1+rFfa@mf= 0 1+rFf>a= ( ) a
Y O (Z ¢ '
fLG fLG

Application to constant annuity:
1-(1+nFC D

Vo= —{1+»n
( 1_)_{6FIF@(_ 1}$F )

Ao = Vorc — Vo = Frome K
F( ) -1) ) N
— (lif) ((1 + T) l)K — (1 + r)@FGL
1-(1+7 (1+pT-
So
Ao = (1 +1)%FC4¢
withdg=__ [s
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We have proved that( A@ is a geometric sequence of multipligr 1 Hr > 1,ifr > 0.

What is the total cost of the loan?

I I I
Cost = le= — A@ = — Ae = - K
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Comment: if you have a loan with monthly payment with annual nominal rate r, this means that
compoundingis applied, with compounding period of a month or a twelfth ayear.

Themonthlyinterestrateisrg= é— (since r is nominal)
Nowifthecapitalborrowedis K andthemonthlyannuitiesareag, ..., au(months1,2,..., N)N = 36for3
years.

WemusthaveK s (1 + rg Mas



